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TABLES FOR COMPUTING VARIOUS CASES OF BEAM COLUMNS*

By J Cassens

For a2 better understanding of these tébleé, the meth-
ods by which the cases are computed are discusged first.
The importance of the buckling modulus is pointed out.

I. EXFLANATION OF THE METHODS

Aircraft design methods differ from other structural
engineering methods in the selection of slender beams.
Since the former came into being at a time when structural
engineering had already reached certain standards, it is
not surprising that the stress analysis in aircraft design
was largely ianfluenced by the other. But it is surprising
that Miller-Breslau, for instance, annexed the column
tests in his work "Graphical Statics of Building Construc-
tion" on the subject of airecraft design. The slender
spars of braced wings, the slender members of steel-tube
bodies and of the ribs no longer permit the calculation
of members in rough approximation first for bending and
then for buckling, but the analysis had to correspond to
actual loading conditions, that is, combined bending and
column stress. The importance attached to this subject
in past years is readily seen from a glance at the old
Z.P.%. (Zeitschrift fir Flugtechnik und Motorluftschiffahrt).
For example, in 1918 and 1919 these probvlems were treated
by Gumbel, Prdll, Trefftz, Miller-Breslaun, Reissner,
Ratzersdorfer, Arnstein, Koenig, etc. But the authors
really dealt merely with the problem shown. in the present
report below no. 4 with corresponding applications.

It is true that in its principal beams modern air-
craft design again tends toward short columns, but even
so, column-effect problems remain to be solved.

*1parel einiger Knickbiegefzalle." ILuftfahrtforschung,
vol. 18, nos. 2 and 3, Marech 29, 1941, pp. 86-94.
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Column effect and its counterpart, bending tension,
deals with the case of concurrent longitudinal and trans-
verse forces acting on a member. Hiitte and various other
manvals contain tables which give the transverse forces,
moments, deflections, and various other data for bending
forces on the straight member with constant bending stiff-
ness. These forces are supplemented by the effect of the
moment Py, where P denotes the longitudinal force and
y the deflection at any one point. The relation between
curvature radius p and bending forces reads:

2
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where My is the moment of all bending forces dependent

upon beam ordinate x, EJ the bending stiffnessg, and ¥y
the deflection of the neutral axis. (See fig. 1l.) Divid-
ing moment My into a portion (Mx) due solely to the

transverse forces and a portion affected only d»y P, af-
fords My = My + Py, which, posted in the foregoing rela-

tion, gives

ey = - B (1)

with k2 = gﬁl. (The investigations apply to constant
bending stiffness EJ and constant longitudinal force

F.) The simplest way of solving the differential equa-
tion is as follows: The homogeneous differential egua-
tion is expressed as y = C e8%; the values C are coef-
ficients to be defined later and must satisfy the boundary
conditions of the problem, while a establishes the con-
nection between the formuls and the original equation (1).
The complete differential egquation is solved either by
power formulas, tihe coefficients of which are determined
by comparison, or else by others, for instance, trigono-
metrical ones, depending upon the character of the right
side of eguation (1). The majority of problems shown in
the tables were solved by this method. The right side of
equation (1) shows that the law of superposition holds
for all loads applied transverse to the neutral axis.

Each loading condition is to be computed for applied lon-
gitudinal force F. '
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The law of superpdsition can be-made clever use of
in the calculation of a beam with:constant bending stiff-
ness and longitudinal force, the beam being transversely
loaded by several, arbitrarily many, concentrated loads.
This merely requires expressions for deflections and mo-
ments of a beam transversely loaded by one concentrated
load, as found under no. 13..

Under a concentrated load Q, the moment and the
deflection to the left of the concentrated load is

and‘to the right

sin’

My = k ===—= gin

u 2o sin « v
QO Vs . 14 -

v = — {k sin_§ sin 1 . b u)
P sin o v A

Therefore, if a beam is under transverse load Qz, Q4»
and Qs in addition to the longiiudinal force P (fig..
2), the moment at point x0<®0 = %§> ig:

Mxo = —————=2 (Q5 sin Ns + Qg sin Na + Q5 sin M)

Yo = m————= (Q,3 sin n, + Q4 sin mn, + Qs sin ns)
- ;% (Qz 45 + Q4 d4 + Qg dg)

As a result of transverse loads Q, and Q, with P
(fig 2), the moment at point ue = 1 - X5 (VYo = j?) ig
\
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k sin ‘ N _—
Mu : """""—"'l"'llj'g' (Ql sin g]_ + Q'Z sin gg)

and the deflection

. | | |
v, = ﬁfgga?.& (Q, sim { + G snl%) - 22 (b, + Qpby)

If &, @, Q., Q4, and Qg are applied simultaneously,

w

the moment at x5 = 1 -~ u, is
Mz, o = My, + Ny
and the deflection & at this point x4, = 1 - u, is:

§ = ¥o + v,

This problem is naturally much more difficult if longitu-
dinal forces are applied at the same points as the trans-
verse forces. In this case the use 0f an expanded
Clapeyron equation such as cited Dy Miller-Breslsu in.his
"Graphical Statics," vol. 2, 2, p. 643, is recommended.
Examples for such problems may be found in the Z F, M.,
1920, p. 283.

A second method for column stress calculation is
given because the finzl results appear in substantially’
different form. 1Instead of trigonometric and hyperbolic
functions, a quotient appears which gives the effect of
P 1in the denominator. Bleich, for example, computes the
central moment of a beam loaded, as in case no. 3, accord-
ing to formula

gl? ( 1.032 gta’ Py/P + 0. 032
Mmax* a 1+PEP—1) PE/P_]_

But no advantage accrues from this method except for sym~
metric load cases.
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. A third method is based upon thé application of the

"passive energy" or the principle of virtual speed (Foppl,
“Drang and Zwang," vol. I, p. 61). At first sight the
idea seems attractive, since the energy of the longitu-
dinal forces X the deflection can be discounted in first
approximation. But the application of the method in-
volves a great number of difficultiese.

According to this principle the deflection of a bean
follows from the relation ‘

185, = g_ﬁé dx
& EJ

The method is best explained by the example illus-
trated in figure 3.

The work performed in the beam is computed after the
actual load @ and P is applied on the beam deflected
under load l. It affords

i

(g x + P y) (1XL
13 2T

0

1 1
_ / (40 () 4 f (e (0,
0]

or

The first integral is the same as that obtained from com-
puting the beam deflection under transverse load Q; let
us call it §,. The second integral is a funection of the

looked-for deflection 8.
Herewith the relation can be transformed into

|
ﬁ P g :
1 - / U = g =
S\t ET T % (2)
v O ‘
The expression
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1 & ) .
N .-
~.P X
'/. _._.§_...._ dx .
®EJ
0

can be found by trial; 'y is exnres sed in a formula

oo (33)

which satisfies among others the boundary conditions for
deflection at x =0 and x = 1 as well ss for the
tangent at =x = 1,

For constant P and TJ it affords

I <n z) .. . B 4l? E_. _EJdm?
EJ,/"S“‘ 2T/ = g7 e T A ep Pz T

0

The result is a very close approximation; Theuce

8
6 /l - 4 —E-> = 8 ; 8 = ..._...._.Q....:__.
K - Pg ° 1 - 4 H-
Fg

Very small values &, are accompanied by an appreci-
able deflection § if the denominator expression is like-
wise very small. If the denominator becomes equal to zero,
it affords an expression for the stability cond1+ion of
this problem, which is generally known.

It gives

2
ki

{

J
—z

9

]

|

i

i
RS

Tension bending can also be very readily computed by this
method. With P indicating a tension, equation (2) reads:
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3 ~1:*_/::‘-'@T'-d"- 0. N

Whether a colunmn effe@t“cése accordiﬂg.tqlthis hethod;is
easy or difficult to compute depends upon the success with

the formula for %. The Fourier analysis can be used by

analyzing the expression for fhe deflsction without the
effect of P according to Fourier.

If the central moment of & beam loaded,as in case no.
3,1is computed by this method, it affords first for the de-
flection

4
5 gl Pp/P

o = 357 9 Pg/P - 1

i

and for the moment

_ gl pg/P + 0.0281
max 8 Pg/F - 1

which is in good agreement with Bleich's result.
II. MODULUS OF BUCKLING UHUDER COLUMN EFFECT

Occasionally it happens that comparatively short col-
unns mist be analyzed for column effect where o = % is

higher than the break between Teimayer's straight line and
Euler's hyperbola in the 0y = f(A) diagram. In such

cases it has been found practical to replace E modulus
by the buckling modulus. (See the writer's article
"Column Testing," Luftfahrtforschung, vol. 17, no. 10,
1940, pp. 306-313.) To retain the E-modulus in such a
case would afford much too great a safety relative to the
column load according to Euler's hyperbola, while from
pure buckling tests it is known that the member can take
up only one load according to the Tetmayer straight line.
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Under comparatively low longitudinal stresses % the
E-modulus can be used even if certain parts of the section
due to combined bending and longitudinal stress assume
values within Tetmayer'!s range. In such cases the effect
is the opposite to that of pure crippling of short col-
umns, that is, the bending factor becomes effective. The
bending factor takes into consideration the experience
with Vbending tests where it was found that the measured

MBr was greater than computed according to the expres-—
sion Og W, where GB is the material strength from

tensile tests.

Translation by J. Vanier,
National Advisory Committee
for Aeronauntics.




Problem Detlection dl:l (P time vatuc’) Me Constants
graph Targent a4 (Pehow ) Moments { Me=—E.J-2L A and B
- gt . . . 3 x*
tdentitication 2.Derivation d:, (PR v« ) Special Monents Member buckles uhder
Comperession bending Tension bending Compression bendiag Tension bending Cz?:ﬂ""" Tension
. x ) z
P.y.:B-smtp—Mo—T P.y=B-©|n¢p+M°T Mz=Mo'£+P'y P= Tension Be My |, My
k k ! " Tsina|” Gine
Pky =Bcdsp— My | Prky' = B-Cojp+M, M,=B-sing =" sing M,=M,5—P-y
Pid.y"=—B.sing |PRy”=--B-Ging M ’
. =il Mo( NN (1— o || Mmax= 2% ¥ > 00%st) | My =— B Ging=
=7 a=T;k=] =¥V TP \sina Vi=Tp @imx) . p +_.M!L.@in
, M, \ & , M, o At poiat xo'=k--§~ Sinx 4
y"__P-l( _ﬁ‘nE;) Ye=— P-I(S‘,goc—l) o« = 180°
Q k
" _ p=—2%
. ’\’P P.y=B-sing—Q-z M;=Q-z+ Py cos &
» -"-";-—H—-I’— P.ky=B-cosg—Q-k M,=B-sinq;=coo'sa-sin¢ '
e x —o "l PRy’ =— Bsin
e ¥ ¢ Mpsr =M. =0Q k-tga
« = 90°
-8 A=-+|ghkt
Poy=d-cosptBsing—E(fz—a)—gpt |Ma=gl-o—a Py &
ok M.=Acosp+ B-sing—g k? B=tgki-tgo
Pky =—Asm4p—|—Bcoszp—-§- (i—2z) me=gk,( la __1) at center
PR y"” =—Acosp— B si k3 €os —
y g—Bsingtg 2 o = 180°
A=+gkt+ M,
P.y=A-cos Bsin 1 2
y Pt Baing Mo= & o—at) 4+ My + (My— M) 54 Py R e N L
——g—(l-z—x’)—Ml—(M,—M)ﬁ—-vk' 2 1 sin « g
2 YU et IMy=A-cosp+ B-sing—g i or
Pky = —Asin B cos . . M, — M, cos &
y 'H;k cose i | Mmax bei tang-:—= -g =tangg, at point g=k.q, B=_._si_ni_—_
— - l—2a)— (Mi— M) T 4 N M, Cekg g
Pidy"=—Acosg—B-sinp-}ghk? me:cos% —sk =gk (cos%—') “cos @,
o 180°
Mz=%'(l x—x-)—M,,.(l-— f_)+p.y A=4ghkt— M "
P.y=A-cosg-+ B-sing e B B=+gk’t8%+t—é—§
— S a—at)+ M, (12 - gie Muax bei tg 5 = 7y =tangp, at point
2 £ i
gk k M;=A-cosgp+ B-sinp—gh xo=Kk- @
Pek-y'=-Asing+B-cosp~5 (I-22) - M, " (1_ & )_H(l—cosa 1)
. R E Tonl ™ R 5 .
Find : Mg Pk'y”;-ACOSQ)—B'SiDQJ+gk2 tg o 5 o SIn o 2
Munx= —2—_gpe = 1.-'-'( 1) e
T Cosp,  ° 88 \Cosqg, ) Toso, o = 257° 30"
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Problem Deflection duy (P time vatue) Mz Constants
graph . Tangent ax (P-k " .Y Moments { Me=—E- J dx' A and B
identification 2. Derivation %_U_ PR v w ) Special Moments Member buckles under
Me=%5 (0ot~ M+ Py At center A=tel—Me
‘ . . L i =(ght— My tg =
Lad o . ‘ M;=Acosg-+ B-sinp—ght My =gk 241 2
B P-‘y=-A-,cosq:+B-smw—%f(l-z—x‘)—.l—M-x—gk’ o 2 sin%
7
) . k .
| B ) F e P PR P W e e
Find: Mz ° | Prity’ =—Acosg—B-sipg+gk tgg
: L. I W L—_m-m_i) '
. M"(sina tga) ¢t (a-sinex 2 o= 360°
* . "Pi'y«'=AA-_gos§_¢p+B-sin4p' =£(l'$~—-1‘)—M1‘—(M|—Mx)%+1"y jA=tgk—M,
mY . ',.»_Ll-. — )+ Myt (My— M) S —gis | Ma=A-cosp|-B- -sin g — g i =Lt te
) L | (_ e ) Myt (M y T ¢ fcom P ky' and P-ky, v B-—-l-g{t 83
- Piky -——Asmtp+B cos @ the equations far Ml and M, redd { My — Mcosa
i . ’ 1 x 1 , ’ - :
, e+ (M- M) (1 =)+l =) = e (e —g)—w 2t o
£ ( Fieid ale, | i . '
{lene "fﬁf" ,"Lnﬁ"x.'l PRy"=r~dcosp—B- smw+gk’ Ml(fa——-——l)—[-M.(l———-?‘—)=gl’(l~tgg—l)-—y,'-P-lv
ll"—l"'l/h Yasim=ys o Sin o tg“ * 2 2 '
In tield 104 E. =B, My, Myl
11n field 1,: 055 B, Jy= B, : BW=3F 0T 3p
Incentral fied; . L 1 « Tx . 1 x T
'EJ | I e 11— NN | FRPY 3 K P g Sl
x=-YEL, | My P11 »tga]+ o =)= (33 —3) @ :
pefia=g T M( -—1 —|—M pz IR zz( -——) @ ¥»=19.. .
KK ST o . sin ¥ 3B, B Ny= Quisminater
Slight cur;ycd_ ynen;ber P.f -
L P.y= ."Pf."-sin':':—l—-{-Acos:p.—l-B-sinq» M,=P-u+P-y A=0; B=0
P‘ .
-, Pkey = P'f'.-g-c'osaf-—Asin¢+B-cos’¢ M,=-2:1 .sinz S+ A-cosp+ B-sing
Curvature equation [~ &_ - ® l l—i l :
. far PmOiumf- sln:r"i : : T Py
Pl P.f z P.f
3=EulerloaduEJ-lT, Pklyllr_;_, P sinn_l_..Acosq;_.B-sinq; me-_—; ‘ at center
amt . SR N =5, «=180°
Slight curved member My=P.-u+4P.y A=2PER
N A - : My=A-cosp+ B-sing—2 Pk 4 B=2Ptit-tg 5
AT | Py=AcosptBsing—P-f(lz-at)-2 Pk | °F " ‘
el Pky=—A-sing+B-cosg—P.-ki{l—2z) | My=2P& k’(cosq>+tg—2—sinq:-—l)
Curvature equation Py’ =—A-cosgp—B-.sing-}-2Pk.§
fur P=0: o : ’ Mpx=2P&RS —1\ at center
" * .
umEe (I x—mxt)Withs = T cos -5 o = 180°
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Detlection

Problem o duy (P time value) 7 - Constants
Nr. . graph Tangen dx Pk v w ) Moments ! M"—E"Tﬂ}' A ond.B
identification 2.derivation —:’—:— (PR » =) Special Moment Member buckles under
Slight curved member A=F@E-}+2P.§
. g «
y=4A4. . —{lz— B=it 2P tg—5
Pry=d-cosptB-sing ?(::( :’_‘” . My=$0c—8) 4 P.§la—oY 4Py E+2Pi e
—P- Ll z—2t)—K (g . _ . . .
10 Pky =—A-sing+B.cosg M,=A.cosp+ B sing lk (6+2P-¢)
: = .8 —1) in cent
 — ——--.§~k—(l—2x)—P£-k(l——2z) Muuz=k{g+4+2P.%) in center
Curvature equation 2 cos 5

for P=0; g=0 4f
u=§(l-z—a) mit¢=

T'

PRy’ =—A.cosp—B-singk(g-+-2P§

« = 1800

Slight curved member
: as 9

~‘ﬂ'-‘ .

P-y=A-coscp-}-B-sinq:-—-%—(lx—x’)

—Pof(-e—at) + Ma(1— ) — R (g+2PY

My= & (1 —a)+ PE{lo— o) — Ma(1—F) 4 Poy

| A=K {g+2P§~-Ms

B=K(+2P8igy

Mz
+ tga

' : =4 vsing—Kt (g+2P2) -
1 - P.ky’=__‘4.sin¢+8.cos¢. Mg 4 CO:¢+B s g (g+ 1 E) a i
’ 1~V =(oI* I Y o P
Curvature equation —*‘—E(l—2z)—PRE(l—-2z)—Mg£- M: ( tga) gi*t2P&-1) (“- tg 3 2)
for Pm=0; gm0 2 l
umbo(ox—z;tm4 | PE.y"=—4A-cosp—B-sing+ K (g+2P:§) __
Find : Mz & = 257030
slight curved member A=+’k’(_g+2P~E)—Ms
@ 9 . My=£ (12-2Y4PE(lo-a%)-Ms+P-y B=[k (8+2P5)*Mf
P-‘y=A-cosw+B-sin¢P—-2—(l-x——z’) M.:A'COG?+B'Siﬂ¢'—'k'(g+2P€) at center: th—2~
—~P§(l.xz—a)+-Me—K (g+2P-§) My=k{g+2Pf)
12 Pky’=—‘4'5in¢+f'm¢ Mr=k(g+2Py- [1——2 ) or X(— 2 a,—l)
g Ll in 2
| Cirvature equalion —?(l—z:c)——PkE(l—2z) 2tg 2sin 5
for P=0; g=0 ” . 1
PRy’' =—A.cosp—B.sinp-}-(g}+2P§ 3 « \_ (L _g____)
Cwm gz =4 y v s+ Mo — o) = er 2 pen (g g —
Find : Mx ‘ & = 360°
d z T, . Ay =M;; Ay= M,
. M.=02%. M(l—-———) M E 4Py _ ;
"(" ,.'% P-y=A,-cosq;-j-B,-slnw—Q%-z—M,(l—i;)—M,% ==Q ] ¥+ M, lb+ ] _: y . 1B, =Q-k:;22
= —— —_— — 7 P-
Frpd——doms | Phy =4, sinpt By cosp-Q% k-1, K- 1, Mu=Qput i T+ {1 1)+_ v oMM,
: * “ = ! ! b M= 4, cosp+ B, -sing; My = Ay-cosyp+ By-siny tgo ! sina
b - ’ — PRy’ =—A,-cosp—B,-sing with Q the moment is ! By=0Q ksinC
13 sin{-sing . sinn. sin{ =0 ke
= k—.v—%;t=%m=% P.v = Ay cosy+- By -siny-Q %-u—M,?—M.(l—?) Mo=Q-k—gr—+ Mgy +M’ sin o M, M,
— : b k k For Q in center and M;=My=M,, we get +§ﬁ;— o
,=—- . i . - — Y- e — l .
a=c+n——i~.k=}/§,’ Pkv/ =~ Aysiny4 By-cosy-Q 7+ k-My T+ My Mm@k tig 2 pa, L
cos o o« = 1800

Pl =-4,y-cosy— B, -siny
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Problem Dcﬂcch‘oh.dl{l (P time value) Me : Constants
Nr. graph Tangent 5 (Prh e w ) Moments { Mr=—E-J ‘:x:’ Aand B
ident fication 2. Derivation :;',’ (PR« n ) Special Moments Member buckles under
L/ f d z A1=—Mh A’—o
{ P.y =A,-cos«p—f—Bl-squ—Q—I-a:—{—M,(l—-T) B.=Q- smﬂ+
N I T T v ‘ d X L sin o tga
4 ) __‘ - x - 4 Pky’=—A,-slintp—{-B,-cosq)——-Ql—-k—Mll— d z b w. B,=Q-ksmc—- M,
| N ‘ PRy” = — 4, -cos p— B, sin p M,=Qiz——M,(l—7)+P-y, Mu=QT“—'M_17+P'0 A ‘sine.  sino
14 b ‘ M= A, cos -} B, -sin ¢; M, = Ay-cosp+ By-siny
¢=£;¢=E-c=£‘ﬂ=i . b u P sing d C '
k B ®TTk| Pov =Aycosyt+Byesing—Q pout-Miy | My l—tg—a =Q‘l(m-‘7
0‘=C+'l—7l(-,:k= %! ka’=—A;"Sin'l’+Bs'¢°S'P—'Q%'k+M1'!(f
Find : M, PR =—dy-cosyp— By -siny = 257°30"
d z z v-41='—'Mn Ay =—M,
M,=QTz—M,(l—T)—M,l+P~y : =Q- kBlnf]
. sma
~03- u—M,-‘f--—M,~(1“—-'f)+ Pv M,
’ . 4 A + tga sin «
-y- and v- some as under 13, M, =A4,-cose+ 1!?1 sing - My = Ay-cosy- B,-siny sin ¢
15 but M; and M, of oprosite signs, M (l———a—)—]—M( _1) o '.l(Si“'l_ﬁ)- ‘ o -'B'-:Q‘k——sina
1 tgo sinx sine 1 :
(sin b - =
M‘(sma )+M’(1_t—8;) Q"(sl_na__T)' @ sm,“ tg“
M,=Q-k sin{-siny smq sin { o
Q= . T _— 3 -
sin o Vsina sino = 360°
d z z ’ Ax='—;'M1» Ay =—M,
M==Q--Z-z—Mx(l—T)——M.‘T-I-P-y,;' -Q- g inn
. b sma
Mo=0% u—m® —M.( )+p v M,
P +ige s
= A,-cosp-+ By-sing sint
‘ M, = As-cosy By smv B’=Q'k?fE;
d
Find : M, w0d My | 4. und v- same as under13, M,(l— )+M,( ) 0 l(m——)—P doyy (1a) My
16 , P ;""7 *“vf"‘dv“' but M, and M, of opposite signs, e a ss::? b N EE +
1= Y (wm0); V3=V iumo} —_— — =0 ——— Jeyy
In field 1,:J, My (smoc 1)+M’( ga) o l(sma T) Py’ @)
In « I3:J, o= M4 s Myl ’
In ceniral field 17 3.EJ," P*  3.E),
= ; L . ) ( )_ (sm’) d
k._.}/gp{, a:_-ki M‘(P'l' ET, +1 tga LRl Pt Rl g P i @
sin { b i
M (S?l-o—t—'l)—{-M’(P + 3. EJ +l tgot) Q l(gl_l;;_—) (2) N —gcnormnr.ﬂor

N = determinant
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Problam Daflection dv (P time value) M. Constants
Nr. . gqroph Tangent -g-;w PR no) Moments | Mem—E. "W' AadB E
\dantifieation ) Zf Derivation ";."" PR » w ) Spacial Moments Member buckles under '_e
. - sm(a,+a.) ' : . a
P T Y IO My=Muy+ Py y;-%—%—f‘“ leino; sinag 3 sma °'(1+ )—M" v=l— :.?
e : % sm(ag-f-%) - ( a _
e My=Mun+ Py 'yn—-yp—'—gf M’sma +¥ $ain oy e 8i0 0y ‘o Mot M1+ ) ’ sins E
m: : ‘v’- y v” Yo Solution of cquahons ' : 0
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NACA Technical Memorandum No. 985 Figs, 1,2,3

Figure 1.~ Beam on two supports under longitudinal load
P and transverse forces g.

Figure 2.~ Beam on two supports under load P and
concentrated loads Q1 - Q5.
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Figure 3.~ Built-in beam under load P and Q.
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